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� Limitation of integral-equation-based method
B Simple array geometry (e.g., sphere, plane)

B Simple microphone directivity (e.g., omnidirectional,
bidirectional)

UnavailableAvailable

More flexible method is desired.
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� Least-squares-based sound field estimation
[Laborie+, 2003], [Poletti, 2005], etc.

B Applicable to arbitrary array geometry and microphone
directivity

B Based on decomposition of sound field into basis
functions

AvailableAvailable
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Sound source

Microphone

 

Target region

� Assumption
B Positions and directivities of microphones are given.

B Target region Ω is simply-connected and source-free.
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Sound source

Microphone

 

Target region

� Objective (P1)
B To estimate sound field u(r) (r ∈ Ω) from signals {sm}Mm=1

observed by M microphones
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� Four steps in least-squares-based method
B Step 1: decomposition of sound field

– By spherical wavefunctions or plane wave functions

B Step 2: formulation of observation model
– Based on microphone position and directivity

B Step 3: formulation of optimization problem
– As regularized least squares

B Step 4: derivation of optimal solution
– In closed form
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� Step 1/4: decomposition of sound field

u(r) ≈
∑
n

an︸︷︷︸
expansion coefficient

ψn(r)︸ ︷︷ ︸
basis function

B Examples of basis function
– Spherical wavefunction [Poletti, 2005]

– Plane wave function [Chardon+, 2012]
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� Step 1/4: decomposition of sound field
B Expansion by spherical wavefunctions [Laborie+, 2003]

u(r) ≈
N∑
ν=0

ν∑
µ=−ν

ůν,µ︸︷︷︸
expansion coefficient

√
4πjν(k‖r‖)Yν,µ(r/‖r‖)︸ ︷︷ ︸
spherical wavefunction

u = + + + ...
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� Step 1/4: decomposition of sound field
B Expansion by plane wave functions [Chardon+, 2012]

u(r) ≈
N∑

n=1

ũn︸︷︷︸
expansion coefficient

exp(−jkxn · r)︸ ︷︷ ︸
plane wave function

u = + + + ...
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� Step 2/4: formulation of observation model
B Decomposition of sound field

u(r) ≈
∑
n

an︸︷︷︸
expansion coefficient

ψn(r)︸ ︷︷ ︸
basis function

B Observation by mth microphone (superposition principle)

sm︸︷︷︸
observed signal

=
∑
n

an cm,n︸︷︷︸
response to ψn

+ εm︸︷︷︸
sensor noise
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� Step 2/4: formulation of observation model
B Observation by mth microphone

sm︸︷︷︸
observed signal

=
∑
n

an cm,n︸︷︷︸
response to ψn

+ εm︸︷︷︸
sensor noise

B cm,n: determined by microphone’s position and directivity
– See [Laborie+, 2003] for detail.
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� Step 2/4: formulation of observation model
B Observation by mth microphone

sm︸︷︷︸
observed signal

=
∑
n

an cm,n︸︷︷︸
response to ψn

+ εm︸︷︷︸
sensor noise

B Matrix-vector representation

s = C a︸︷︷︸
to be estimated

+ ε
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� Step 3/4: formulation of optimization problem

minimize
a

J (a) = ‖Ca− s‖22︸ ︷︷ ︸
loss term

+ λ‖a‖22︸ ︷︷ ︸
regularization term

B Minimization of loss term
to fit with observation

B Minimization of reguralization term
to avoid overfitting

Formulated as regularized least squares
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� Step 4/4: derivation of optimal solution
B Objective function

J (a) = ‖Ca− s‖22 + λ‖a‖22

minimization

B Optimal solution

â = CH(CCH + λI)−1s

B Estimated sound field

û(r) =
∑
n

ân︸︷︷︸
estimated coefficient

ψn(r)︸ ︷︷ ︸
basis function
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� Applicability in general cases
B No constraints on microphone positions and directivities

B No necessity to define "boundary" of array

Integral-equation-based method

Least-squares-based method
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� Necessity and availability of regularization
B Numerical unstability in case of insufficient regularization

B Performance improvement by exploiting prior information
(will be described later) [Ueno+, 2021]

Sound source
 

Prior information
on source direction
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1. Basic framework

2. Infinite-dimensional extension
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� Limitation of finite-dimensional decomposition
of sound field
B Necessity of parameter setting (in an emprical manner)

– Number of basis functions
– Position of expansion center (spherical wavefunction)
– Direction of xyz-axes (plane wave function)

Performance degradation for
inappropriate parameters
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� Infinite-dimensional extension [Ueno+, 2018], etc.

B No necessity of parameter setting
– Number of basis functions

infinite dimensions
– Position of expansion center (spherical wavefunction)

translation invariant
– Direction of xyz-axes (plane wave function)

rotation invariant
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� Four steps in infinite-dimensional extension
B Step 1: infinite-dimensional representation of sound field

– As vector in Hilbert space

B Step 2: formulation of observation model
– Based on microphone position and directivity

B Step 3: formulation of optimization problem
– As regularized least squares

B Step 4: derivation of optimal solution
– In closed form
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� Step 1/4: infinite-dimensional representation
of sound field
B Expansion by spherical wavefunction

u(r) ≈
N∑
ν=0

ν∑
µ=−ν

ůν,µ
√
4πjν(k‖r‖)Yν,µ(r/‖r‖)

Infinite-dimensional extension

u(r) =
∞∑
ν=0

ν∑
µ=−ν

ůν,µ
√
4πjν(k‖r‖)Yν,µ(r/‖r‖)
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� Step 1/4: infinite-dimensional representation
of sound field
B Expansion by spherical wavefunction

u(r) ≈
N∑
ν=1

ũn exp(−jkxn · r)

Infinite-dimensional extension

u(r) =

∫
x∈S2

ũ(x) exp(−jkx · r) dχ

–
∫
x∈S2 dχ: spherical integral
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� Step 1/4: infinite-dimensional representation
of sound field
B Equivalence of two representations

ůν,µ =

√
4π

jν

∫
x∈S2

ũ(x)Yν,µ(x)
∗ dχ

spherical harmonic expansion

ũ(x) =
jν√
4π

∞∑
ν=0

ν∑
µ=−ν

ůν,µYν,µ(x)
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� Step 1/4: infinite-dimensional representation
of sound field
B Norm on sound field

‖u‖H =

(
∞∑
ν=0

ν∑
µ=−ν

|̊uν,µ|2
) 1

2

=

(
4π

∫
x∈S2

|ũ(x)|2 dχ
) 1

2

– rotation/translation invariant
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� Step 1/4: infinite-dimensional representation
of sound field
B Hilbert space (set of sound fields)

H =

{
u(r)=

∞∑
ν=0

ν∑
µ=−ν

ůν,µ
√
4πjν(k‖r‖)Yν,µ(r/‖r‖)

∣∣∣∣
‖u‖H =

(
∞∑
ν=0

ν∑
µ=−ν

|̊uν,µ|2
) 1

2

<∞
}

=

{
u(r) =

∫
x∈S2

ũ(x) exp(−jkx · r) dχ
∣∣∣∣

‖u‖H =

(
4π

∫
x∈S2

|ũ(x)|2 dχ
) 1

2

<∞
}
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� Step 1/4: infinite-dimensional representation
of sound field
B Representation capability of H

– Any solution of Helmholtz equation in Ω can be
approximated arbitrarily by functions in H in sense of
uniform convergence on compact sets. [Ueno+, 2021]

Sufficient representation capability
without any parameter
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� Step 2/4: formulation of observation model
B Observation by mth microphone

sm︸︷︷︸
observed signal

= Fm︸︷︷︸
linear functional

u + εm︸︷︷︸
sensor noise

B Fm: determined by microphone’s position and directivity

Fmu =

∫
x∈S2

ũ(x) exp(−jkx · rm︸︷︷︸
position

) γm(x)︸ ︷︷ ︸
directivity

dχ

– See [Ueno+, 2021] for detail.
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� Step 3/4: formulation of optimization problem

minimize
u∈H

J (u)=
M∑
m=1

1

σ2m
|Fmu− sm|2︸ ︷︷ ︸

loss term

+ λ‖u‖2H︸ ︷︷ ︸
regularization term

Formulated as regularized least squares
in infinite-dimensional Hilbert space H

How to solve?
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� Step 4/4: derivation of optimal solution
B Objective function

J (u) =
M∑

m=1

1

σ2
m

| Fm︸︷︷︸
linear functional

u− sm|2 + λ‖u‖2H

reformulation

J (u) =
M∑

m=1

1

σ2
m

| 〈vm, u〉H︸ ︷︷ ︸
inner product

− sm|2 + λ‖u‖2H
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� Step 4/4: derivation of optimal solution
B vm: determined by microphone’s position and directivity

vm(r) =
1

4π

∫
x∈S2

γm(x)︸ ︷︷ ︸
directivity

exp(−jkx · (r − rm︸︷︷︸
position

)) dχ

– Observation Fm sound field vm



Infinite-dimensional extension (12) 33 / 61

� Step 4/4: derivation of optimal solution
B vm: calculated in closed form for finite-order directivity

– e.g., omnidirectional, bidirectional, cardioid

γm(x)
∗ =

Nm∑
ν=0

ν∑
µ=−ν

cm,ν,µ︸ ︷︷ ︸
harmonic coefficient of directivity

Yν,µ(x)

vm(r) =
Nm∑
ν,µ

1

jν
cm,ν,µjν(k‖r − rm‖)Yν,µ

(
r − rm

‖r − rm‖

)
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� Step 4/4: derivation of optimal solution
B Objective function

J (u) =
M∑

m=1

1

σ2
m

| 〈vm, u〉H − sm|2 + λ‖u‖2H

representer theorem

B Optimal solution

û(r) =
M∑

m=1

α̂m︸︷︷︸
to be determined

vm(r)
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� Step 4/4: derivation of optimal solution
B Estimated sound field

û(r) =
M∑

m=1

α̂mvm(r)

B Optimal coefficient

α̂ =
(

K︸︷︷︸
=


〈v1, v1〉H · · · 〈v1, vM 〉H

...
. . .

...
〈vM , v1〉H · · · 〈vM , vM 〉H


+ λ Σ︸︷︷︸

= diag(σ21, . . . , σ
2
M )

)−1
s
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� Step 4/4: derivation of optimal solution
B Estimated sound field

û(r) =
M∑

m=1

α̂mvm(r)

B Main points
– No necessity to set parameters for finite-dimensional

decomposition (e.g., truncation order and expansion center)
– Closed-form solution easy to emplement
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� Sound field estimation with irregularly
ditributed microphones
B Experimental results using simulated data [Ueno+, 2019]

– Black dots denote microphone positions.

True Estimated Estimation error

Applicable to arbitrary array geometry
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� Finite- vs. infinite-dimensional modeling
B Experimental results using simulated data [Ueno+, 2018]

– Estimation of plane wave field using 63 microphones

good Infinite dimensional
Truncation:
Truncation:
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� In case of pressure microphones
(= interpolation problem of sound field)
B Estimated sound field

û(r) =
M∑

m=1

α̂m κ(r, rm)︸ ︷︷ ︸
= j0(k‖r − rm‖)

α̂ =
(
K︸︷︷︸

=


κ(r1, r1) · · · κ(r1, rM )

...
. . .

...
κ(rM , r1) · · · κ(rM , rM )


+ λΣ

)−1
s



Interpretation as kernel ridge regression (2) 40 / 61

� In case of pressure microphones
(= interpolation problem of sound field)
B Equivalent to kernel ridge regression with kernel function
κ(r, r′) = j0(k‖r − r′‖) [Ueno+, 2018]

Interpreted as kernel ridge regression
with constraint of Helmholtz equation

B Demonstration with real data will be shown in Section 4.
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� Harmonic analysis of sound field
B e.g., sound field reproduction by loudspeakers [Ueno+, 2019]

or headphones [IIjima+, 2021]

binaural reproduction

Spatial information around listening position is required.
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� Harmonic analysis of sound field
B Spherical wavefunction expansion at listening position r0

u(r) =
∞∑
ν=0

ν∑
µ=−ν

ůν,µ(r0)︸ ︷︷ ︸
spatial information around r0

√
4πjν(k‖r−r0‖)Yν,µ

(
r − r0

‖r − r0‖

)

B For arbitrary listening position
Estimation of ůν,µ(r0) at arbitrary r0 is required.
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Sound source

Microphone

 

Target region

� Objective (P3)
B To estimate expansion coefficient ůν,µ(r0) at arbitrary

position r0 ∈ Ω from signals {sm}Mm=1 observed by M
microphones
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� Translation of expansion coefficient
[Martin, 2006], [Samarasinghe+, 2014]

B Relationship between expansion coefficients at two
different expansion center r0 and r′

0

ůν,µ(r
′
0) =

∞∑
ν′=0

ν′∑
µ′=−ν′

T ν′,µ′

ν,µ (r′
0 − r0)︸ ︷︷ ︸

translation operator

ůν′,µ′(r0)

Desired to avoid infinite sums in estimation



Infinite-dimensional harmonic analysis (5) 46 / 61

� Estimation of expansion coefficient at
arbitrary expansion center [Ueno+, 2019]

ˆ̊u(r0)︸ ︷︷ ︸
estimated coefficients

(∞× 1 vector)

= Ξ(r0)︸ ︷︷ ︸
coefficients of v1, . . . , vM

(∞×M matrix)

(K + λΣ)−1s

B No truncation in expansion of sound field or in translation
of expansion coefficient

Source code for Matlab is available at
https://codeocean.com/capsule/7630421

https://codeocean.com/capsule/7630421
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� Regularization in sound field estimation

minimize
u∈H

J (u)=
M∑
m=1

1

σ2m
|Fmu− sm|2 + λ‖u‖2H︸ ︷︷ ︸

regularization term

B Design of regularization exploiting prior information
– Likely to occur small norm
– Unlikely to occur large norm
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� Sound field estimation exploiting prior
information on source direction [Ueno+, 2021]

B Based on directional weighting for norm of sound field

Sound source
 

Prior information
on source direction
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� Sound field estimation exploiting prior
information on source direction [Ueno+, 2021]

B Norm of sound field

‖u‖2H =

∫
x∈S2

|ũ(x)|2

w(x)︸ ︷︷ ︸
directional weighting

dχ

– Large w(x)
small ‖u‖H for sound field originating from direction x

– Small w(x)
large ‖u‖H for sound field originating from direction x



Use of prior information (4) 50 / 61

� Sound field estimation exploiting prior
information on source direction [Ueno+, 2021]

B Directional weighting based on prior information

w(x) =
1

4πC(β)︸ ︷︷ ︸
normalization constant

exp(β η︸︷︷︸
prior source direction

· x)

– x close to η large w(x)
– x away from η small w(x)
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� Sound field estimation exploiting prior
information on source direction [Ueno+, 2021]

B Numerical simulation
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� Sparsity-based sound field estimation
[Chardon+, 2012], [Koyama+, 2019]

B Sparsity assumption for sound field
– Sound field is originated from a small number of basis

functions (e.g., plane waves and monopole fields).

Plane wave

Microphone

 

Target region
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� Sparsity-based sound field estimation
[Chardon+, 2012], [Koyama+, 2019]

B Decomposition of sound field

u(r) ≈
∑
n

an︸︷︷︸
expansion coefficient

ψn(r)︸ ︷︷ ︸
basis function

B Formulation

minimize
a

J (a) = ‖Ca− s‖22 + λ‖a‖pp︸ ︷︷ ︸
sparsity-inducing regularization (p < 2)

– Solved by various iterative algorithms
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� Scattering effect in sound field estimation
B Reflection, absorption, diffraction, etc.

– Caused by physical existence of microphone array

Observed≠Original

Necessity to compensate scattering effect
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� Microphone array mounted on spherical baffle
[Meyer+, 2002], [Abhayapala+, 2002]

B Based on single scattering problem

B Applicable for avoiding forbidden frequency problem (also
described in Section 2)

Rigid baffle
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� Scattering effect caused by multiple baffles
B Multiple scattering effect

6= superposition of each single scattering effect

Single scattering

Multiple scattering
(e.g., interreflection)

Single scattering
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� Sound field estimation considering multiple
scattering effect [Nakanishi+, 2019], [Kaneko+, 2021]

B Solving relationship between original and scattered sound
fields using translation operator for expansion coefficients
[Martin, 2006]

True w/ consideration
of multiple scattering

w/o consideration
of multiple scattering
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� Least-squares-based sound field estimation
B Based on decomposition of sound field

– Spherical wavefunctions or plane wave functions

B Infinite-dimensional extension
– No necessity of parameter setting

(expansion center, truncation order, etc.)

B Other extensions and related works
– Harmonic analysis for arbitrary position
– Use of prior information
– Consideration of multiple scattering effect
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